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Time-Marching Analysis of Fluid-Coupled Systems with
Large Added Mass
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Time-marching stability analysis of fluid-structure interaction problems is considered in this paper. The Navier-
Stokes equations and the equation of motion of the structure are integrated simultaneously in time in a coupled
manner to assess structural dynamics and thereby the possibility for flutter and/or divergence. A method devel-
oped by the authors for the incompressible Navier-Stokes equations consists of combining a Runge-Kutta time
integration for the structure with a three-point backward time discretization for the fluid. Problems have been
encountered with that method, however, when the fluid-added mass is larger than the structural mass, leading to
numerical instability in the integration scheme. A cure to remedy these difficulties is proposed in this paper. It
consists of introducing estimates for the added mass, obtained, for example, from potential flow calculations, into
the structural equation so as to cancel the fluid inertial forces. To illustrate the possibilities of the method, analysis
of the free vibrations of two coaxial cylinders coupled by annular fluid is performed.

Introduction

ETHODS to study fluid—structure interaction problems by

simultaneous time integration of the fluid and structural equa-
tions have been developed more systematically in recent years by
making use of computational fluid dynamics techniques. Nomura
and Hughes1 applied the finite element method, for example, to
study the free vibrations of a cylinder in confined and unconfined
incompressible flow, whereas examples of the application of the fi-
nite volume method to time-marching aeroelastic analyses may be
found in Ref. 2, where Rausch et al. simulated flutter results using an
appropriately adapted Euler code. Farhat® investigated aeroelastic
instability phenomena on moving grids.

A method for structural dynamics and stability analysis in incom-
pressible laminar flow has also been developed by the authors.* The
analysis is performed in the time domain. A small initial displace-
ment is given to a fluid-coupled structure before releasing it; its free
vibrations are then tracked in time by integrating simultaneously the
Navier—Stokes and structural equations.

Referring to Fig. 1, the method has been applied to the stability
analysis of two coaxial cylinders in annular flow. A portion of the
outer cylinder undergoes one-degree-of-freedom rigid-body lateral
vibrations in one plane, a motion coupled to the fluid flowing in the
annular passage, the inner boundary of which is delimited by a fixed
cylinder of generally varying cross section. The cylinder was shown
to be subject to divergence instability. The mass of the vibrating
cylinder was approximately two times larger than the fluid-added
mass of the annular fluid.

It is shown in this paper that the coupled time integration method
is numerically unstable when the added mass is larger than the struc-
tural mass. This can typically be the case in highly confined annular
geometries with a high-density fluid, unlike in other aeroelastic ap-
plications where the external fluid is air and the corresponding added
masses are small. A special procedure must be devised to deal with
these numerical problems, and one such procedure is proposed here.
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Coupled Fluid and Structural Integration

The Navier—Stokes and continuity equations for a laminar flow
of incompressible fluid are written in nondimensional form as

U
E"FG(U,P):O, vV.-U=0 (1)
where
1
G(U.p)=V-UU+Vp—R—V20 ")
e

The Reynolds number Re is defined for each specific problem in
terms of a characteristic length and velocity; U is the velocity vector
of the fluid and p is the pressure.

Assuming the solution for the fluid is known at the time levels ¢*,
k < n, where the time increment is given by At = ¢* — "1, the
following two second-order discretizations for the time derivative,

nti L
b1 44 2 _ 8Un+7 —oqun +Un—1
at N 3At
n+l (3)
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may be used to advance the solution from #” to "1 or from ¢"
to t"*1, respectively; both will actually be required in the integra-
tion scheme adopted for the structure, to be introduced shortly. The
semidiscretized momentum equation and the continuity equation
become, after introducing Eq. (3) in Eq. (1) and rearranging,

U2 4 (3 At/8)G"E = (OU" — U1)/8

1 “
V-U"z1 =0

Un+1 + (2 At/3)Gn+l — (4Un _ Un——l)/3 (5)

V.Ut =0
where G™2 = G(U™1, p"™* 1), G = G(U'™!, p"*). Solutions
to the implicit s stemslof nonhomogeneous Egs. (4) or (5), respec-
tively, for (U"*2, p™*1) or (U"*!, p"*1), may then proceed using,
for example, the method of artificial compressibility, described in
Refs. 5-7 in conjunction with various space discretization schemes.
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Fig. 1 Annular geometry with vibrating central portion of outer
cylinder.

The actual procedure adopted in the present paper is that of Refs. 5
and 7, where details may be found, in particular as regards the finite
differences used for the space discretization.

No-slip boundary conditions are imposed in solving Eq. (4) [or
Eq. (5)] This implies that the velocity of the wall must be known at

s . However, it is noted that in a numerical fluid-structure proce-
dure the displacement of the wall must also be known in advance to

solve Eq. (4), as it serves in redefining the fluid domain in which the
solution is defined at 1™z . Hence for the present purposes we con-
51der that the fluid solution at "+ and, in particular, the fluid force
F3 acting on the structure are functlons of the dlsplacement and
velocity of the walls at "1, ie., F'%1 = F(e"+3, é1), where €
and € are some modal wall displacement and velocity, respectively.
The considerations of this paragraph also apply in going from " to
¢t"+! when solving Eq. (5).

In the present paper, the procedure described in Ref. 4 to solve the
flow problem is employed. Small structural vibrations are consid-
ered to allow for performing the flow computations on fixed meshes
with a resulting small error in the spatial discretization. Wall mo-
tion is taken into account by Taylor series expansion of the boundary
conditions, which are linearized to obtain the fluid velocity imposed
at the fixed mesh boundary; these are transpiration-type boundary
conditions, a general derivation of which may be found in Ref. 4,
where the details required for implementing them in the present
problem are also given.

Now, the annular geometry is shown in Fig. 1. The mechanical
system consists of a portion of the outer cylinder that is free to
vibrate transversely as a rigid body in one plane, its displacement
being denoted by €*(¢*). This cylinder is restrained by a spring K
and a dashpot C; it is of length 40H, radius 10H, and mass M and
is delimited upstream and downstream by two fixed cylinders of
radius 10H and length [ = 40H. The inner cylinder, of radius 9H,
is stationary. In the absence of vibrations of the outer cylinder, there
is steady, axisymmetric flow in the annular region; U denotes the
mean flow velocity at the upstream inlet.

Here, H and U will be the characteristic length and velocity used
to nondimensionalize the equations. Throughout the paper, starred
quantities will be dimensional and nonstarred ones nondimensional,
with the following important exceptions: H and U, as well as the
structural quantities M, C, and K, and v and p (defined below) are
understood to be dimensional. Hence, in Egs. (1) and (2) we have

U* p* Ht*
U= —_, = —, =
U P=0 U ©
H
V=gV, Re=ZH
v

where p and v are the fiuid density and fluid kmematlc viscosity
and V is the nabla operator.

The equation of motion of the vibrating cylinder may be written
in nondimensional form as

E(t) = —20wré(t) — wie(t) + o F(e, ) %)
where
€ [KH H : C
= -, Wy = —_—— =, —, _——
H MU "u 2VEM @)
oH? F*
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and in which w} = /K /M. A dot denotes a time derivative, w, and
¢ are the dimensionless natural frequency and the reduced damping
of the system, and o is a factor weighting the relative contribution
of the fluid and mechanical forces. In keeping with the discussion
above, the flnid-coupling force exerted on the cylinder, F (¢, é), has
been expressed as a function of € and €, which is symbolic of the .
way in which it is obtained numerically.

Notice that in studying the dynamics of the cylinder, C = 0 will
be taken (¢ = 0); thus, any damping in the free vibrations will
originate from fluid effects.

Assuming that the displacement €”, velocity €", and acceleration
€" of the structure at time " are known, the integration of Eq. (7)
may be defined using a second-order Runge—Kutta scheme, by the
following sequence:

Predictor step
n+l _— 1
€2 = €" + (At/2)é
atd  n on
€2 =" 4 (At/2)€
ail 1 el ©
F'ti = Fle2, ¢
cntd n+} 2 ntl nt L
€7 = 20w, €""2 —w "2 + o F'T2
Corrector step
€l = e 4 Arents
1
el =& ArE™2
(10)
Fn+1 F(6n+1 n+1)
EMl = 2t w, et — @2 "t g FrH!

As seen in the predictor step, the intermediate values €™+ 2 and "+
for dlsplacement and velocity of the structure are first determined at
173 = " 4 At /2, independently of the flow problem; they serve in
deriving the boundary conditions necessary to integrate and advance
the Navier-Stokes equations to s by using the time- dlscretlzed
form (4), which allows for the calculatlon of the fluid force F*3 (see
Ref. 4). The acceleration, €77 is then obtained from the structural
equation [last equation in Egs. (9)], and the solution can proceed
to the corrector step, which is solved in a similar manner for the
variables €"*1, é"*!, and €"*!, by using the time-discretized form
(5) for the flow equations.

It is to be noticed that this fluid—structure time integration method
treats the fluid equations implicitly [Egs. (4) and (5)] and the struc-
tural equations explicitly [Eqs. (9) and (10)]. This has advantages
in regard to the time steps allowed for the coupled system. Indeed,
even though quite different characteristics between fluid and struc-
tural system coefficient matrices are involved (which would require,
for all practical applications, that a much smaller time step be chosen
for the fluid as compared to the structural integration if the former
were also performed explictly), treating the fluid implicitly allows
to match more appropriately the coupled integration time steps of
fluid and structure.

Application to Two-Dimensional Annular Geometry

As a first application, we consider that the vibrating outer cylin-
der in Fig. 1 is infinitely long, in which case the problem is two
dimensional. The fluid dynamics is independent of whether or not
there is any axial flow and only takes place in the (r, 8) plane. The
characteristic velocity can no longer be chosen as U, and we select
wy, H instead for that purpose, where w} is, as before, the (dimen-
sional) natural frequency of the in vacuo mass—spring system; hence
the Reynolds number in Eqgs. (2) and (6) is replaced by the Stokes
number S, where

* H2
§=2" (1)
v
Similarly to the Reynolds number, S is a measure of the relative
importance of the inertial and viscous forces.
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The structural quantities M, C, and K, as well as the fluid force F,
are all defined per unit length and are denotedby lowercase letters,
namely m, c, k, and f. Hence we now have the following definitions
in Eq. (7):

. €* fk H ] ¢ c
= —, wn = _— =1, _= —
pH? S
m T pw2H3

and we remark that w, = 1.

The nondimensional potential fluid-added mass per unit length
for this problem, denoted by m,,, may be obtained analytically®®
(subscripts p and v will denote potential and viscous values, respec-
tively); it is given in terms of the dimensional added mass m;, by

_my rz(ro/ri)2+1
pH? i 1

where r, and r; are the nondimensional radii of the outer and inner
cylinders, respectively 10 and 9 in this numerical example. Remark
that the actual viscous added mass m,,, is larger than the potential
value by roughly 20% at low vibration frequency, and it tends to the
potential value as the vibration frequency increases.* Combining
Eqgs. (12) and (13) for o, we have

o= L 1 (14)
map m/m:p

3)

Map

Calculations were performed at two Stokes numbers, namely at
S = 3in Fig. 2 and at § = 300 in Fig. 3, for various values of o.
Since the nondimensional potential added mass m,, in Eq. (14)is a
constant geometric parameter that, for this geometry, is equal t0 2993
by Eq. (13), the value of o was varied by changing the ratio of struc-
tural mass to dimensional potential fluid-added mass m/m ,, as per
Eq. (14). The results in Figs. 2 and 3 are form/m;, = 100, 10, 3, 1.
Only the solid lines are to be considered for the moment, these be-
ing referred to as non—fluid inertia compensated (NFIC), a notation
defined in the next section.

Thus, after giving a small initial displacement to the outer cylin-
der, equal to 0.1 H, and releasing it, its equation of motion (7) was
integrated simultaneously with the Navier-Stokes equations. The
time step At was chosen according to the formula

2 2
At = = —
40w, 40

15)

where the last identity is obtained by remembering that w, = 1 [see
Eq. (12)]. The vibration period of the fluid-coupled cylinder will
be larger than that of the in vacuo mass—spring system as a result
of the added mass, and this will ensure that we have at least 40
time steps per vibration cycle. The mesh used in those calculations
had 24 points stretched in the radial direction; no mesh points were
required in the circumferential direction 6, which was eliminated
by using a spectral Galerkin method with Fourier expansions.*

In Figs. 2 and 3 it is seen that, for a given ratio m/mj,, the free
vibrations become more damped as the Stokes number is lowered,
because the viscous effects are then more predominant. Also, for a
given Stokes number, the vibrations are more damped and the vibra-
tion period is larger when the ratio m/m}, diminishes, indicating
the increased weighting of the fluid forces as compared to the me-
chanical ones. When the potential and structural masses are equal,
m/my, = 1, at which point, as mentioned previously, the actual
viscous added mass m, is larger than m, divergence instability of
the cylinder is observed in both Figs. 2 and 3 (solid line, left-hand
end of figures). This, however, cannot be physically meaningful, as
no fluid-elastic effects are likely to cause an instability in a prob-
lem in which only damped vibrations are significant. Hence this is
essentially a numerical instability encountered when the fluid in-
ertial forces become larger than the mechanical ones. The purpose
of the next section will be to devise a means to fix this numerical
problem.

| T
m/mg, =100

0.00 - —
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Fig. 2 Free-vibration time history obtained at Stokes number of § =
3 (two-dimensional geometry) for various ratios of cylinder mass to

potential fluid-added mass,m /. m;‘p: ——, non-fluid inertia compensated
(NFIC) results; ~ — -, fluid inertia compensated (FIC) results.
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Fig. 3 Free-vibration time history obtained at Stokes number of
S = 300 (two-dimensional geometry) for various ratios of cylinder mass
to potential fluid-added mass, m /m;‘p: ——, NFIC results; - - -, FIC
results.

Before this is accomplished, however, an investigation will be
carried out to assess whether the time step chosen in the present
problem is appropriate. For that purpose, computations were per-
formed at § = 300, m/mj, = 100, whereas the time step was
varied by selecting At = 27 /20, 27/30, 2 /40 [see Eq. (15)].
The results, shown in Fig. 4, are seen to be all nearly perfectly
superimposed, especially as regards the time steps At = 27/30
and Ar = 27 /40. Similar results were also obtained in computa-
tions performed for the three-dimensional problem discussed later
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in this paper. These favorable conclusions follow because of the
implicit treatment adopted for the Navier—Stokes equations. It may
also be mentioned that the accuracy of the method in regard to the
spatial discretization has been analyzed in Ref. 4 through compar-
ison with analytical results for the two-dimensional problem and
by performing mesh refinement studies for the three-dimensional
problem. The numerical method performed satisfactorily also in this
respect.

Fluid Inertia Compensated Procedure

The procedure used to correct for the detrimental effect that a
large added mass has on the numerical time integration method
employed for the structure is the following. We remark first that
the fluid force inertial component in Eq. (7) may be written, by
definition, to be proportional to — M} €* or, in nondimensional form,
—o M,,€, where the dimensionless viscous fluid-added mass in the
three-dimensional problem is given by M,, = Mg, /pH?. Then,
using an estimate for M,,, which we denote by MQ, we subtract
the corresponding estimated fluid inertial force —o M,€ from both
sides of Eq. (7) to obtain

(1 + 0 ME®) = —2L w,é(t) — le(t) + o F(e, &, &)  (16)
where
Fle,é,8) = F(e, &) + M,é 17

The resulting equivalent mass on the structure side of the equation
(left-hand side) now becomes larger than the fluid-added mass on
the right-hand side from which the inertial component has been
subtracted. It is to be remarked that this condition is satisfied when
the estimated added mass M, is greater than at least half the value
of the actual viscous added mass M,,.

Equation (16) now is to be used in the predictor and corrector
steps, which become:

Predictor step

1 =" + (A1/2)E"

EI = & + (At/2)E" (18)
et =1/t + oM - 2w, - w2t o frr]
Corrector step

€l = €" 4 Ar ¢

El = ¢ 4 At EMH2 (19)

1= 1/ + aM,,)][ 2w, E = wien-(»l +O,ﬁn+1]
in which

~

I,‘*n+1/2 — F(G'H—%, é"*‘%) +Magn+% 20)

EFril= Femt!, ¢y 4 M, et @1

0.15 . | [

0 5 10 15 20

Fig. 4 Free-vibration time history obtained at Stokes number of S =
300 (two-dimensional geometry) for m/ m;"p = 100 and for various time
steps: ——, At = 277 /40; - - -, At = 27w /305 - - -, At = 27 /20.

Here F(¢"*%,é"+%) and F (e, €"*1) are obtained as before from
the Navier—Stokes equations, whereas Maé'"*% and M,&"! are cal-
culated by considering the following expressions for the acceler-
ation, used respectively in the predictor step and in the corrector
step:

'e'n+l/2 — (86n+% . 96” + én‘l)/(:; AD
(22)

el = (3értt —4ém 4 e/ (2 AD)

which are consistent with expressions (3) chosen for the fluid ac-
celeration in the Navier-Stokes equations.

This scheme has first been tested for the same two-dimensional
problem considered in the last section, and the results, which are
referred to as FIC (fluid inertia compensated, as opposed to NFIC,
or non-fluid inertia compensated, as used in the previous section),
are plotted using dashed lines in Figs. 2 and 3. They are, it is re-
membered, for a number of values of ¢, obtained by varying the
ratio of structural mass to potentlal added mass, m/m,, as per
Eq. (14). The added mass estimate m, for that problem was most
conveniently selected as the potential value from Eq. (13), which
we recall is very close to the actual viscous added mass*; hence
M, = mg,. At § = 3, it is seen that the NFIC and FIC curves
are perfectly superimposed when m/m;,, > 1, except possibly for
m/mj, = 3 immediately after starting the integration. However,
when m/mj,, = 1, in which case, as mentioned previously, the ac-
tual viscous added mass is larger than the structural mass m, the
FIC results no longer diverge; rather, they are more highly damped
than for larger m/m;,, as expected. Now, at § = 300 in Fig. 3, we
again have perfectly superimposed results for m/m* = 100, al-
though differences between FIC and NFIC results appear as m / my,
decreases, down to the pointatm/m* ap = 1, where the two predlcted
responses are completely different, with divergence predicted by the
NFIC calculations, as compared to the physically correct damped
oscillations obtained by FIC.

The FIC procedure is seen to require an appropriate estimate for
the viscous added mass in any problem with which one is concerned.
Since viscous effects have in general very little effect on the deter-
mination of the added mass, as has been demonstrated for example
in Ref. 4 for the problem under discussion, the viscous added mass
may most conveniently be estimated from potential flow calcula-
tions. This has been achieved here through Eq. (13), which is the
analytical value for the potential added mass, and in more general
and complicated problems it may be accomplished, for example, by
using finite element potential calculations in which Laplace’s equa-
tion is solved’; this is what has been done in the next section for
the three-dimensional annular flow problem. It remains of interest,
however, to asses the extent to which different estimates for the vis-
cous added mass would result in the FIC procedure giving different
predictions for the dynamic behavior of the system. This question
will now be addressed for the two-dimensional annular flow prob-
lem by performing calculations with the FIC procedure in which the
value of the added mass estimate i, is varied, all other parameters
being kept constant.

Thus, calculations have been performed at a Stokes number of
§ = 300, with a constant value of ¢ obtained from Eq. (14) by
setting m/mj;, = 1. The added mass estimate 7, was varied by
expressing it as a function of the potential added mass m,,, and
the results are presented in Fig. 5 for i, = 0.6mgp, i, = myy,
Mg = 2mgp, and M1, = 5m,,, where Map in all cases is given by
Eq. (13). It is seen that, for values of 7, not significantly different
from the potential value, which itself is to within 10% of the ac-
tual viscous added mass at § = 300,* the FIC method gives results
that are only very slightly dependent upon 71,. Other calculations,
not presented here, have established that this is even more so as
the ratio of structural mass to fluid-added mass increases, in which
case all the curves in Fig. 5 become superimposed and are indepen-
dent of 1, ; furthermore, the results do not deteriorate as compared
to Fig. 5 for very small ratios of structural mass to fluid-added
mass.

Thus, the method displays good performance in regard to the
selection of the additional parameter that it introduces: Where
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structural mass is larger than fluid-added mass the results are
largely independent of the added mass estimate; in the contrary
case it is sufficient, as mentioned previously, that the estimate be
larger than at least half the value of the actual viscous added mass
to ensure accuracy of the results (see Fig. 5 for m, = 0.6m,,,
which just satisfies this condition). The latter condition will be en-
forced if the added mass estimate is obtained from potential flow
calculations.

Application to Three-Dimensional Annular Geometry

‘We now consider the free vibrations of the cylinder in the three-
dimensional geometry of Fig. 1, as obtained after releasing the cylin-
der from an imposed small initial displacement of 0.1 H; in this case,
there is a mean axial flow velocity U in the annular region.

It has been determined in Ref. 4 that the added stiffness is neg-
ative for that geometry. We may express the total rigidity of the
cylinder plus fluid as being equal to K + K, where K and K},
are, respectively, the dimensional structural and (negative) viscous
fluid-added rigidities. Divergence will occur when K + K, < Oor,
in nondimensional form, when

Wl +0Kg <0 (23)

where w, and o are given by Eq. (8) and K,, = K /pU*H. It
was found* that K,, varies little with the Reynolds number for
this geometry, with K,, = —483 at Re = 50. Furthermore, the
nondimensional potential added mass of the cylinder—fluid system
was determined to be equal to M,, = 91, 100.*°

Comparisons between FIC and NFIC results are presented in
Fig. 6 for Re = 50. The mesh on which those calculations were
performed had 60 points in the axial direction and 12 points in
the radial direction, with the circumferential variable having been
eliminated as before using a spectral Galerkin method with Fourier
expansions.* The dynamics of the cylinder as affected by changes
in the value of ¢ is studied in Fig. 6. Referring to Eq. (8), where p
and H are constant, varying o is simply equivalent to changing the
structural mass M, this being done in such a way as to also keep w,
constant and equal to 0.12 in our case; thus structural stiffness K
varied proportionately to M [see Eq. (8)]. The corresponding values
of o were calculated from the relation

1 1
o =
Mo, M/M;,

24

also valid in three dimensions, and in which M, is the dimensional
potential added mass. It is seen in Fig. 6a that for M/M;, = 2 the
system is stable and the corresponding vibrations are damped, as it
may be verified that w,f + 0 K,, = 0.012 > 0; the FIC and NFIC
curves are almost perfectly superimposed.

Next, structural mass is diminished such that M/ M} = % In this
case, the system diverges according to the NFIC resufts in Fig. 6b,
even though one still actually has @? + 6 K,, = 0.006 > 0; the
FIC curve, however, is consistent with the total rigidity of the fluid—

0.15 ‘
0.10 -
0.05 —
8 0.00 -1
[
-0.05 1
-0.10 ~1
- ! ! L
0-15 Q 5 10 15 20
t
Fig. 5 Free-vibration time history obtained with FIC procedure
at Stokes number of S = 300 (two-dimensional geometry) for
m /m;‘p = 1; comparison is made of choice of various added mass es-
timates: ——, fit, = 0.6 map; ——, fita = Map; - — =, Mg = 2Mgp3 -,

g = Smyy,.

0.3 ;
0.2k |
T o4 lde i
\‘\T ~ ~ -
0.0} T .
~0.1 ' : '
0 5 10 15 20
b) t

Fig. 6 Free-vibration time history obtained at Re = 50 (three-
dimensional geometry) for w, = 0.12: a) ——, NFIC results; - - -,
FIC results for M /M;’p = 23 b) ——, NFIC results; - - -, FIC results for
M/M;, =2/3; - - -, FIC resulis for M/M;, = 2/9.

cylinder system still being positive and is characteristic of a criti-
cally damped, stable system. It is only after a further reduction in M,
namely after selecting M/M;, = %, that the FIC calculated system
response diverges, as expected, because one then has a),zl +oK, =
~0.009 < 0; this is a physical, fluid-elastic divergence, rather than
a numerical one.

Conclusions

It was shown in this paper that a method developed by the authors
for the time-marching dynamics analysis of a fluid-coupled struc-
ture is numerically unstable when the fluid-added mass is larger than
the structural mass. A procedure was devised to fix that anomaly. It
consists of introducing an estimate for the fluid-added mass into the
structural equation, so as to cancel the fluid inertial forces by trans-
forming them into equivalent structural forces. It was shown that
the results are largely independent of the actual value of the added
mass estimate, which can be conveniently selected by potential flow
calculations. Results obtained from analysis of a cylinder oscillat-
ing in annular flow have demonstrated the ability of the proposed
method to circumvent the difficulties encountered in the presence
of a large added mass.
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